Introduction
Let K be an eld with an interesting arithmetic, e.g. a number eld or a function eld over a nite eld. For simplicity we shall assume that char(K) 6 = 2; 3: Let G K be the absolute Galois group of K, i.e. the (topological) group of automorphisms of the separable closure K of K which act trivially on K. A central theme of arithmetic is the study of G K . We shall concentrate on the study of continuous representations of G K and are especially interested in the two dimensional case.
Such representations are given by nite discrete Galois modules M. A \classical" approach to nd their properties is localisation, i.e. restricting the representation to interesting subgroups like decomposition groups G p with respect to places p of K and then to study G p ? modules M p .
There is a natural connection of this arithmetical approach to geometry. It relies on the interpretation of M as nite etale commutative group scheme A over K (cf. Ma] ).
Of course this point of view becomes even more fruitful if we can interprete the group scheme A by a \global" geometric object, for instance as subgroup scheme of an abelian variety B over K. Then we can relate the arithmetical and geometrical properties of abelian varieties over K with properties of Galois representations of K and exploit reduction theory and the theory of heights to get information about G K .
This motivates the Question 1.0.1. For given A nd arithmetical and geometrical conditions for abelian varieties B over K such that A can ( resp. cannot) be embedded (over K) into B.
For us, the case that B is equal to an elliptic curve E will be central. In this case it turns out that the conditions we are looking for are closely related with properties of heights of elliptic curves, and via coordinates of points of order 2 we can translate this into bounds for the heights of elements in K: we get a natural connection with the so-called ABC-conjecture. Of course we are then close to conjectures about solutions of equations of Catalan resp. Fermat type, and here asymptotic statements are most interesting.
We begin in section 2 with the only case which is reasonably well understood, namely that K is a function eld of a non-singular absolutely irreducible projective curve over a perfect eld K 0 or, in arithmetical language, a regular function eld of one variable with elds of constants K 0 . It is well known that in this case the ABC-conjecture (cf. Mas]) is true and that we can answer a good part of the diophantine questions rather easily. The exposition in this section has two aims. First we stress the key role played by the Riemann-Hurwitz genus formula for coverings of curves which we formulate as an inequality between the degree of divisors related to conorm maps (Theorem 2.1.1(cf. Sti], III.4.12)). As a side result of this point of view we shall get uni ed and simple proofs of results on, for example, solutions of Fermat type equations, boundedness of the order of torsion points of elliptic curves and estimates for the height of elliptic curves (Szpiro's conjecture (cf Sz] , p.238 f)).
Secondly we take the section as motivation for asking similar questions in the general frame of elds with divisor theory (which include number elds) (cf. FG]) in section 3. There we do not have a result which can replace the Riemann-Hurwitz genus formula. So we have to state most results from section 2 as conjectures. These conjectures are not independent. We describe their \hierarchy" already in section 2, taking into account some strange aspects of exposition: two statements can be proved independently using Theorem 2.1.1 and nevertheless it is shown that one is a consequence of (resp. equivalent with) the other. The point is that this interdependence is proved by using general properties of elds with divisor theory.
There is one eld in which we know more: if K is equal to Q we have the additional powerful tool of modular curves and modular forms and celebrated results like Mazur's boundedness theorem for torsion points and isogenies of elliptic curves, and of course above all the truth of Taniyama's conjecture for elliptic curves E established in the case that E is semi-stable by Wiles and Taylor ( Wi] , Theorem 5.2, and TW]), re ned by Diamond and Conrad (for all elliptic curves with conductor not divisible by 27)(cf. CDT]) and in general (1999) by Breuil, Conrad, Diamond and Taylor ( Da2] ).
The last section is only an outlook. Many of the stated conjectures and questions have an interpretation by moduli spaces of a very special type, namely Hurwitz spaces. In this frame we have to nd rational points on these spaces and so we encounter new diophantine problems which embed the type of conjectures looked at in this paper into the fascinating environment of fundamental groups of curves over K.
The Function Field Case

The Riemann -Hurwitz Genus Formula
We assume that K 0 is a perfect eld and that K is a function eld of one variable over K 0 of genus g. We recall that this includes by de nition that K 0 is algebraically closed in K and that K is nitely generated of transcendence degree 1 over K 0 . As usual 1 we call elements in the set of equivalence classes K of nontrivial valuations whose restriction to K 0 becomes trivial prime divisors or places p and de ne their degree deg(p) to be the degree of their residue elds over K 0 .
We recall the geometric background of the described arithmetical situation.
There is a uniquely (up to K 0 -isomorphisms) determined irreducible regular projective curve C de ned over the base eld K 0 such that K is the eld of meromorphic functions of C. The fact that K 0 is perfect implies that C remains regular after an algebraic base eld extension. Since K 0 is assumed to be algebraically closed in K the curve C remains irreducible after such base eld extensions. Places p correspond one-to-one to closed points P of C. In the geometric language D corresponds to an element in the free abelian group generated by the closed points of C. 
Fact:
The degree d ! of (!) is independent of the choice of !. (In fact the divisor class of (!) is independent of the choice of ! and is called the canonical class of C.) The genus g of C or of K is determined by the equation
g is a non-negative number, it is equal to the dimension of the K 0 -vector space of holomorphic di erentials H 0 (C; 1 ), i.e. the K 0 -di erentials ! for which (!) is e ective.
For the purpose of this paper we call a sub eld K 1 of K admissible if it contains K 0 and if K=K 1 is nite separable. Geometrically this means that K 1 is the function eld of a projective regular absolutely irreducible curve C 1 and that the inclusion of K 1 into K de nes a morphism f : C ! C 1 which is a nite and generically etale.
It follows that the rami cation locus of f (or the set of places of K 1 rami ed in the extension K=K 1 ) is nite. Hence we can de ne the discriminant divisor (f) as divisor of K 1 (resp. C 1 ) as usual (cf. Se4] Proof. Apply Theorem 2.1.1 to the cover f x : C ! P 1 and the divisor (y = i=1; ;r (x ? c i )). Now take the simplest case: r = 3.
Corollary 2.1.5. Assume that x is an admissible element of K and let c 1 ; c 2 ; c 3 be di erent elements of K 0 1.
This corollary is the ABC-conjecture for function elds(cf. 3.3.3). Example 2.1.6. As special case take K = K 0 (z),the eld of rational functions over K 0 and x = g(z)=h(z) with relatively prime polynomials g; h in K 0 z]. Assume that x is not a p?th power in K if p is the characteristic of K. Take c 1 = 0; c 2 = 1 and c 3 = 1. Then h K (x) = max (deg(g(z) ; h(z))) (n 0 + m 0 + s 0 ? 2) where n 0 is the number of di erent zeroes (in K) of g(z), m 0 is the number of different zeroes of h(z) and s 0 the number of di erent zeroes of g(z)?h(z) (cf. Mas] 
Now we apply 2.1.5 to by n =cz k and get
Applying 2.1.5 to cz k =(ax m ) yields
and using that h K (y) h K (z) the proposition follows.
We simplify the situation by assuming that cz k = 1. (For instance this can be assumed if m = n = k). Proof: We use the inequalities in the proof of the proposition above and get
Another immediate consequence of 2.1.5 is Corollary 2.1.9. Assume that x 2 K is admissible. Let a; b 2 K 0 be di erent elements such that every extension of the place x = a (resp. x = b) of K 0 (x) to K has a rami cation index 2 (resp. 3)(i.e. each component of the ber of the map f x over a (resp. b) has multiplicity 2 (resp. 3). Then
Proof. Apply 2.1.5 to c 1 = 1; c 2 = a; c 3 = b and use that x = a (resp. x = b) has at most K : K 0 (x)]=2 (resp. K : K 0 (x)]=3) extensions to K.
As it stands now this corollary seems to be a little unmotivated. But we shall see in subsection 2.2 that this simple observation has remarkable consequences for the arithmetic of elliptic curves.
Applications to Elliptic Curves
As always we assume that char(K)6 = 2; 3:
Let E be an elliptic curve de ned over K. 263)) about the niteness of isomorphy classes of elliptic curves over number elds with good reduction outside a given nite set of places. This result has been generalized by Faltings (cf. Fa],p. 362) to arbitrary abelian varieties, a result which was the key to his proof of Mordell's conjecture. The striking fact here is how easily it is deduced for elliptic curves from Theorem 2.1.1.
We have seen that Proposition 2.2.1 follows from Corollary 2.1.9 which itself is an easy consequence of Corollary 2.1.5.
On the other side we could begin with the inequality in Proposition 2.2.1 and get the inequality in Corollary 2.1.5.
This is an admissible elliptic curve with j?invariant j x = 2 8 (x 4 ? x 2 + 1) 3 x 4 (x 2 ? 1) 2 :
Easy computations (only using elementary properties of valuations) show that
and hence
and that E x has good reduction at all p 2 K not dividing (x 2 (x 2 ? 1)) or, equivalently, prime to (j x ) 1 : It follows immediately from the equation of E x that it is semi-stable at prime divisors of (x 2 (x 2 ? 1)) 0 . Now make the transformation Y 7 ! Y 0 = x ?3 Y ; X 7 ! X 0 = x ?2 X to get the Weierstra equation
for E x , and this shows that E x is semi-stable at divisors of (x) 1 .
Hence assuming the estimate for the height of E x we get:
we get 6 h K (x) 6 deg(j (x(x ? 1)) j) + 12g ? 12: It remains to apply an automorphism of K 0 (x) sending (0; 1; 1) to (c 1 ; c 2 ; c 3 ) 2 K 3 0 to get the statement of Corollary 2.1.5.
We resume and get the Observation: the correspondence (x 2 K; admissible) 7 ! (E x : Y 2 = X(X ? 1)(X ? x 2 ))
relates the inequalities
for semi-stable elliptic curves over K with h K (x) deg(j ((x ? c 1 )(x ? c 2 )(x ? c 3 )) j) + 2g ? 2 for admissible x 2 K; c i 2 K 0 and hence we can prove Proposition 2.2.1 if and only we can prove Corollary 2.1.5.
In the present exposition we used 2.1.5 as starting point, in Fr1] the converse way (exploiting the Riemann-Hurwitz genus formula applied to the eld extension K=K 0 (j E )) was gone.
So both ways are very closely connected. But soon we shall be interested in elds in which no result analogous to the genus formula is known and hence it is worthwhile to search for alternative proofs already in the function eld case. Here is one possibility which uses strongly properties of elliptic curves to get 2.2.1.
We can look at the function eld of E over K as function eld of an elliptic surface E with base curve C over K 0 . Then we have the rich theory of algebraic surfaces at our disposal. For instance we can use the Bogomolov-Miyaoka-Yau inequality between the square of the rst Chern class and the second Chern class of E to get 2.2.1 and hence Corollary2.1.5. This approach was used by Parshin (char(K 0 ) = 0) and by Szpiro (cf. Sz] ). It was proposed by Parshin in Pa] to use the theory of arithmetical surfaces and Arakelov theory to get a proof of a result analogous to Corollary 2.2.1 for number elds and so to prove the ABC-conjecture (see next section).
For the generalizations we have in mind, we remark that to see the close relation between heights of elliptic curves and Corollary 2.1.5 we used only arguments about the arithmetic of elliptic curves over discrete valued elds, the fact that 2 is a unit for all places p, that h K (x n ) = nh K (x) for n 2 N and that h K (x+c) = h K (x) for all c 2 K 0 , and no special features of the theory of function elds of curves.
Another application of the arithmetic of elliptic curves to Corollary 2.1.9 is Remark 2.2.5. The result of Corollary 2.1.9 is sharp.
To see this we give an example.
Let N be a prime number di erent from char(K 0 ) and congruent to 11 mod 12 and let X 0 (N) be the modular curve parametrizing elliptic curves with isogeny of degree N, K N its function eld. 
Application to Torsion Structures of Elliptic Curves
In the following we shall assume that N is a natural number > 3 prime to char(K). Let E be an elliptic curve over K, denote by E N] the Galois module of points of E with order dividing N and let
be the induced representation of the absolute Galois group G K of K.
Since E N] is a free Z=N ?moduleof rank 2 the representation E;N can be seen (after choosing a basis of E N]) as 2?dimensional representation of G K in Gl(2; Z=N ).
It is known (cf. Si], III, 8) ,that the Weil-pairing induces a symplectic structure on E N] and that the determinant det( E;N ) is equal to the cyclotomic character of G K . Let N be a primitive N-th root of unity in K 0 .
\In general" the image of E;N (G K( N ) ) is equal to Sl(2; Z=N ) ( Ig] Proof. We use the following facts.
To see this we can assume that j E is not contained in K 0 and so K 0 (j E ; j E 0 ) is a function eld K 1 in K isomorphic to the function eld of the modular curve X 0 (N) over K 0 . (Recall that N is prime to char(K 0 ).) This function eld has a K 0 -automorphism (the Fricke involution ( Ma] ,II.6) which sends j E to j E 0 . Hence the heights of j E and j E 0 are equal in K 1 and so they are equal in K.
3. ?v p (j E j E 0 ) N + 1 for all prime divisors of (j E ) 1 (this follows from the explicit isogeny theorem for Tate curves Ro]).
So applying Proposition 2.2.1 to E and E 0 we get (N + 1) deg(N E ) 2h K (j E ) 12 deg(N E ) + 24g ? 24 and so either j E 2 K 0 or N 24(g?1) NE + 11.
The reasoning above does not apply if E is not semi-stable. We repeat that we can get a similar result as stated in the proposition for general elliptic curves by using the genus formula and the fact that the genus of modular curve X 0 (N) is about N=12. We stress that the importance the given proof of the proposition is that it follows from the inequality in Proposition 2.2.1 and the behaviour of conductors and heights of elliptic curves under isogenies.
Corollary 2.3.2. Proposition 2.2.1 implies: assume that E has a K-rational point P of order N > 24g + 11:
Proof. Since we have assumed that N is prime to char(K) and since it is larger than 3 it follows that E is semi-stable ( Si] , C.15.2.1) and has an isogeny rational over K with kernel generated by P.
We can go further and get the following consequence of Proposition 2.2.1. Proposition 2.3.3. Let S K be a nite xed set.
There is a number M(S; K) such that for all admissible elliptic curves E de ned over K the following holds: if there is a number N > 6 prime to char(K) such that the kernel of E;N has a xed eld K N which is unrami ed over K outside of S then h K (E) M(S; K):
Proof. From the assumptions of the proposition it follows that E is semi- Now assume that N runs through in nitely many numbers N i with corresponding curves E i . It follows from corollary 2.3.4 that amongst the curves E i there is one curve, say E 1 such that for in nitely many di erent N i we have:
The \horizontal" isogeny theorem (cf. FJ]) implies: E 0 is isogenous over K to E 1 : Question 2.3.5. What happens if we vary E 0 ?
To answer the question we have to look for pairs of elliptic curves (E; E 0 ) de ned over K such that for some N > 6 we have :
or stronger: E;N equivalent to E 0 ;N :
In view of the result above one can suspect that (for N large enough) this implies that E is isogenous to E 0 .
Our methods used till now cannot give a hint; we shall come back to this question later on.
In the next section we shall formalize and generalize the arithmetic frame and translate the results of this section (mostly) to conjectures. The most interesting feature will be to study the relations between these conjectures.
3. Fields with Divisor Theory 
2 Recall: for c = 1 take (x ? c) = 1=x.
Re nements of the conjecture require that c(K) and d(K) can be e ectively computed or even predict their value for special elds. ax n + by n = 1 it follows that x; y are constants. Especially: if K is a number eld then the set f(x; y) 2 K K; there is a number n > 3 with ax n + by n = 1 g is nite.
It is a remarkable observation of Elkies El] that Conjecture 3.3.4 implies an e ective version of Faltings' theorem about the niteness of rational points on curves of genus larger than 1 over number elds.
The Height Conjecture for Elliptic Curves
We continue to assume that (K ; K ) is a eld with divisor theory. Moreover we shall assume that the residue elds of the non-archimedean valuations in K are perfect. 3 We used Theorem 2.1.1 in the function eld case to get Corollary 2.1.9 which bounds the height of semi-stable elliptic curves by the degree of their conductor.
We remarked that we could go in the converse direction, too. Having no RiemannHurwitz formula this remark becomes important. So we state a conjecture about heights of elliptic curves and hope that the rich structure of elliptic curves can be used to get information about the ABC-conjecture (cf. the discussion at the end of subsection 2.2).
Conjecture 3.4.1. (Height Conjecture for Elliptic Curves)
There exist numbers , c 0 (K) and d 0 (K) such that for all admissible elliptic curves E over K we have
where s E is the sum of the degrees of the elements in the set S E consisting of the non-archimedean primes of K at which E is not semi-stable. Now take x 2 K n f0; 1g and de ne as in subsection 2.2 E x : Y 2 = X(X ? 1)(X ? x 2 ):
Computations analogous to those made there show that h K (j x ) = 12 h K (x) + d 0 (K); that E x has good reduction at all non-archimedean primes v not dividing 2(x 2 (x 2 ? 1)) or, equivalently, prime to 2(j x ) 1 and that E is semi-stable outside of prime divisors of 6.
Using that the di erence between h K (x) and h K (x?1) involves only archimedean primes and can be estimated easily we get Proposition 3.4.3. Assume that Conjecture 3.4.1 is true with constants c 0 (K) and d 0 (K). Let x be as above.
where (K) depends only on the number of archimedean primes in K . So the height conjecture for elliptic curves implies the ABC-conjecture (with explicitly related constants).
For the converse we have to assume the stronger form of the ABC-conjecture (Conjecture 3.3.4).
We sketch the way to prove it. Take an elliptic curve E=K. We adjoin the points of order 2. We can assume that the X-coordinates of these points are equal to 0 ; a; b. After adjoining p a we get a separable extension L of degree 12 which is rami ed only in divisors of 2 j 1 S E . The construction of L implies that E has a Weierstra equation over L of the form Y 2 = X(X ? 1)(X ? x):
Now we use the computations made above and apply Conjecture 3.3.4 to x to get the desired estimate for h(j E ).
Hence
Theorem 3.4.4. Let K be a eld with divisor theory.
The re ned ABC-conjecture (Conjecture 3.3.4) is equivalent with the re ned height conjecture for elliptic curves (Conjecture 3.4.2) with (in the notations of the con- induced by the action of the absolute Galois group of K on torsion points of order N of elliptic curves E. In section 2 we have related properties of the height of elliptic curves with statements about the image of E;N . Most of these relations remain true (with the same proofs) in our general context. But there is one di erence: it may happen that natural numbers are no longer constants with respect to the system of valuations forming K . So we have to look closer at the behaviour of Galois modules and associated Galois representations.
Let A be a Galois module of nite order n (n prime to char(K)) of G K with corresponding Galois representation A , and let K( A]) be the xed eld of the kernel of A . Let v be a non-archimedean prime divisor of K. N is a number prime to char(K), E is an elliptic curve de ned over K and A is equal to E N], the group of points in E( K) whose order divides N. Using this lemma and the arguments in subsection 2.3 and assume that the height Conjecture 3.4.1 for (semi-stable) elliptic curves de ned over K holds.
Then the following conjectures are true 1. Conjecture 3.5.4. There is a bound for the order of K?rational torsion points of elliptic curves de ned over K with non-constant j?invariant. 4 2. Conjecture 3.5.5. For every nite set S K containing the archimedean places there is a number M(S; K) such that the following holds: let N be a natural number > 6 and prime to char(K). Let E be an admissible elliptic curve de ned over K such that E N] is nite outside of S. there are elements a n ; y 2 L with x = a n y n and h(a n ) h L (S):
ii) For xed n the elements a n form a nite set in L.
Lemma 3.5.8. Let K be a eld of nite type and let S be a nite set of divisors. For all natural numbers n prime to char(K) let L n be the set of eld extensions of K in K which are cyclic of degree dividing n and unrami ed outside of S.
Then L n is a nite set.
Proof. Fix n as above. Without loss of generality we can assume that K contains the n?th root of unity and hence if a eld L is in L n there is an element x 2 K with L = K(x 1=n ), (x) = n D + D 0 and all prime divisors of D 0 contained in S. Hence by de nition 3.5.7 we can replace x by an element a n contained in a nite set depending only on n and S.
Examples for elds of nite type are number elds and function elds of one variable over nite or algebraically closed constant elds.
We shall assume now that K is of nite type and discuss consequences for our conjectures.
We x a nite set S containing the archimedean places and all prime divisors of 6 of K . We look at the set E S of K?isomorphy classes of admissible elliptic curves E for which there exists an even number N > 6 prime to char(K) such that E N] is nite outside of S.
Fix E 2 E S . The adjunction of the coordinates of points of order 2 of E generates an extension of degree 2 followed by an extension with degree dividing 3 which are, by assumption, unrami ed outside of S. By Lemma 3.5.8 there is a nite separable extension K S of K with degree depending on K and S only and unrami ed outside of S such that all E lying in E S have all points of order 2 rational over this eld.
We nd a Weierstra equation over K S for E such that the X-coordinates of non- Example: Number elds and function elds over nite elds satisfy F. Corollary 3.5.11. Assume that K is a eld with divisor theory which is of nite type and satis es F. The asymptotic Fermat conjecture 3.3.6 implies: let S be a nite subset of K and let E S be the set of K?isomorphy classes of admissible elliptic curves E de ned over K for which there is an even number N > 6 prime to char(K) such that the E N] is nite outside of S.
Then E S is nite.
Proof. Fix N > 6 and denote by E N the subset of E S consisting of elliptic curves with corresponding number N. Let S N be the union of S with the set of prime divisors of N. The adjunction of the points of order N of E 2 E N gives a eld extension whose rami cation and degree over K is bounded by S N resp. O(N 4 ) and hence there is a nite extension K N of K over which all N?torsion points of all E 2 E N are rational. Hence each E 2 E N gives rise to O(N 3 ) K N ?rational points on the modular curve X(N) which parametizes elliptic curves with level-Nstructures (cf. Sh]). This curve splits over K( N ) into geometrically irreducible components all of them having genus > 1. It follows that the K N -isomorphy classes in E N form a nite set. Over K elements of the same K N ?isomorphy class could di er by a twist. Because of the restricted rami cation of K N =K and the nite type of K only nitely many classes of K =K 2 become equal in K N and so only nitely many quadratic twists of one elliptic curve E over K can become isomorphic over K N . The same is true for cubic or quartic twists and so we get niteness of K?isomorphy classes in E N for each N. Combining this with Proposition 3.5.9 we get that height of the elliptic curves in E S is bounded.
Moreover they have to be semi-stable outside of S and for large enough N they have to have good reduction outside of S. Hence for all E 2 E S and all N prime to char(K) the eld K N obtained by adjoining the coordinates of the N?torsion points of all E 2 E S is nite. As above it follows that E S is nite.
We get Corollary 3.5.12. Let K be a eld of nite type satsifying F.
The asymptotic Fermat conjecture implies Conjecture 3.5.5 as well as Conjecture 3.5.6 for even numbers N.
We take the opportunity to write down Conjecture 3.5.6 using the stronger conditions imposed on K(cf. Fr2], Conj.5).
Conjecture 3.5.13. Fix E 0 over K and assume that K is a eld with divisor theory of nite type satisfying F:
There exists a number M(E 0 ; K) such that for elliptic curves E over K and K(E N]) = K(E 0 N]) for N > M(E 0 ; K) it follows that E is isogenous to E 0 .
Remark 3.5.14. It is clear that for even N the Conjecture 3.3.6 implies that either Conjecture 3.5.13 is true or there is an elliptic curve E such that for in nitely many N we have K(E N]) = K(E 0 N]). If K is nitely generated over its prime eld the \horizontal isogeny theorem" in FJ] then proves that E is isogenous to E 0 .
3.5.3. Common Torsion Structures We continue to assume that K is a eld with divisor theory K of nite type and satisfying F.
We want to generalize Conjecture 3.5.13. This conjecture assumes that the Galois group of K acts on a su ciently large part of the torsion points of two elliptic curves \in the same way". Conjecturally the size of this part should depend on the conductor of E 0 only. Let A be an abelian variety de ned over K, let v be a non-archimedean place of K and let l be a prime with v(l) = 0.
Let G(l) be the Galois group of K(A l])=K. Choose an extensionṽ of v to K(A l]).
For i 2 N 0 denote by G(l) i the i-th rami cation group of G(l) with respect toṽ (cf. Se4]). Let A i l] be the xed module of G(l) i in A l].
De ne
For almost all l the numbers f l (v) are independent of the choice of l and equal to a non-negative integer which we call f v . By Hensel's lemma we see that f v = 0 if A has good reduction modulo v, i.e. that the N eron model of A over the valuation ring of v (cf. BLR]) is an abelian scheme.
De nition 3.5.15. Let A be an abelian variety de ned over K.
The conductor of A with respect to (K; K ) is the divisor N A :
It is not di cult to see that for elliptic curves E the conductor N E has the properties we have used in previous sections. It becomes obvious that diophantine statements involving conductors relate geometry and Galois theory with diophantine problems.
Question 3.5.16. Let A 1 and A 2 be two abelian varieties de ned over K with conductor N 1 and N 2 . Assume that for a number N we nd Galois invariant subgroups C i A i N] with C 1 Galois-isomorphic to C 2 . How large (depending on K; N i ) has the order of C 1 to be in order to force A 1 and A 2 to have isogenous abelian subvarieties?
The best results known are due to Faltings and Masser-W ustholz for global elds.
Typically the bounds involve the heights of A i . It can be proved that the height of abelian varieties A over global elds can be estimated by a function depending exponentially on the degree of the conductor N A of A. We would like to sharpen these results by replacing the height by a polynomial function in the degree of N A . We specialize and take A 1 as elliptic curve E.
Conjecture 3.5.17. (Degree Conjecture) There is a polynomial function m K (t) such that for all admissible elliptic curves E and abelian varieties A over K we get: assume that the degree of the conductor of E A is bounded by M, that m m K (2 M ) is prime to char(K) and that a Galois invariant subgroup C of order m of E( K) can be embedded (as G K -module) into A( K). Then A contains a subvariety isogenous to E.
We end this section by stating a consequence of Conjecture 3.5.17 motivating its name.
Proposition 3.5.18. Assume that Conjecture 3.5.17 is true.
There is a polynomial function d K (u; t) such that the following holds. Let C is a projective non-singular absolutely irreducible curve of genus g de ned over K. Let S be the set of places in K such that C has good reduction outside of S, and let s be the sum of the degrees of the elements in S.
Let : C ! E be a non-constant morphism from C to an elliptic curve E de ned over K which is maximal in the sense that does not factor through another elliptic curve. Then either d := degree( ) d K (g; 2 s ) or E E is an isogeny factor of the Jacobian of C.
Proof. The morphism induces a surjective (resp. injective (because of the maximality of )) map (resp. ) from the Jacobian J C of C to E (resp. from E to J C ). Moreover the kernel of is an abelian subvariety B of J C de ned over K: it is a group scheme and the maximality of ensures that it is geometrically connected. 
K=Q
The most e cient new ingredient we can use over Q to study our conjectures related to elliptic curves is the theory of modular forms and modular curves and corresponding two-dimensional Galois representations.
We recall that X 0 (N) is the modular curve parametrizing over the complex numbers elliptic curves with isogenies whose kernel is cyclic of order N. The modular interpretation can be used to de ne X 0 (N) over Z 1=N]. As usual we denote its Jacobian variety by J 0 (N). The space of holomorphic di erentials (over Z 1=N]) of X 0 (N) is given by cusp forms of weight 2 and level N with respect to the modular group ? 0 (N), and this setting allows to attack questions about diophantine properties of elliptic curves with methods from algebraic and arithmetic geometry and the theory of functions over C .
A rst breakthrough was achieved by Mazur in his celebrated paper Ma]. The results obtained there have as one consequence that Mazur could bound the order of torsion points ( by 12) as well as the order of cyclic isogenies over Q (by 163). They were used in a beautiful re ned way by Merel to get his result on the uniform boundedness of the order of torsion points of elliptic curves over number elds (cf. Me]), by Ribet, Carayol and Diamond to get the result of lowering the level of modular representations (for the exact results and for references see Di] ), and eventually they led to the famous theorem of Wiles and Taylor ( Wi] and TW], extended by Breuil, Conrad, Diamond, and Taylor (1999)(cf. Da2] ) which proved Taniyama's conjecture and so Fermat's Last Theorem.
We shall discuss some of the consequences of these results and begin with representations. Let : G Q ! Gl(2; F p ) be an irreducible continuous representation which is odd, i.e. for c 2 G Q with c 2 = id we get: det( (c)) = ?1:
Associated to is the xed eld of its kernel, K , and the Artin conductor N 0 of the representation of G(K =Q) induced by . Let N be the prime-to-p-part of N 0 . We call N the Serre conductor of .
The representation space is a G Q ?module A . We shall begin with a special case of Serre's conjecture.( Se1] Conjecture 4.0.19. Assume that is an irreducible and odd two-dimensional representation of G Q to Gl(2; F p ) such that A is nite at p. Then A can be embedded into J 0 (N ).
Let us give a consequence. Proof. Assuming Serre's conjecture and using the boundedness of the Serre conductors we nd a natural number N such that for in nitely many i the group scheme A i corresponding to i can be mapped into a simple factor B of J 0 (N). Since B=A i is Q?isogenous to B we can assume (using Faltings' niteness result for isomorphy classes in isogeny classes (cf. Fa]) ) that B=A i is isomorphic to B. There is a most important case for which the assumptions of the proposition are ful lled. Proof. First we can assume that the curves E i are all di erent and have no cyclic isogeny over Q (result of Mazur) and so all E i p i ] are irreducible and E i has no complex multiplication. It follows at once that all the assumptions of 4.0.20 are satis ed except the assumption that Serre's conjecture holds. To get this we use the most powerful results on elliptic curves we know and which we have mentioned above already.
By Wiles, Taylor, Diamond, Breuil and Conrad E i is a modular elliptic curve, and so Ei;pi is modular (see Fr2]), and by Ribet, Carayol, Diamond we know that for modular representations Serre's conjecture is true.
Remark 4.0.22. It is not di cult to strengthen the theorem a bit: if the curves E i have all points of order 2 rational over Q then the same is true for E 0 .
One sees how deep the Theorem 4.0.21 lies compared with its (stronger) counterpart Proposition 2.3.3 in the function eld case which was a rather immediate consequence of the Riemann-Hurwitz genus formula. The importance of the theorem is that it gives conditions for the existence of solutions of equations of Fermat type.
To get this we use the same method as in the function eld case to relate questions around the ABC-conjecture with questions around the arithmetic of elliptic curves. Proof. We saw that one direction followed in all elds with divisor theory of nite type. To see the converse, namely that Conjecture 3.3.6 follows from 3.5.6 use Theorem 4.0.21 applied to E ax p ;by p 2p] .
This result implies the asymptotic Fermat conjecture in many cases ( and, as is well known, the strong Fermat conjecture in some cases): if a; b; c are such that there is no elliptic curve with conductor 2 ljabc l then Conjecture 3.3.6 is true for these a; b; c. Another easy consequence is that for a given nite set S of prime numbers the Conjecture 3.3.6 can be wrong only for nitely many triples a; b; c with all prime divisors of abc contained in S.
For more examples we refer to Fr2].
We shall end this section by another remarkable result which brings conjectures about heights even more closely together with conjectures about Galois representations .
For an elliptic curve E over Q we take a modular parametrization : X 0 (N E ) ! E of E. We can assume that it does not factorize through a non-cyclic isogeny of E and so it is \nearly maximal", i.e. if factorizes through another elliptic curve E 0 then the degree of the resulting isogeny from E 0 to E is bounded (for instance by 163 due to Mazur's result). Then it is easy to see (cf. Fr1] ) that the Faltings height h(E) of E is bounded (up to a constant) by 1=2 log(deg( )), and (this is deeper) that conversely log(deg( )) 2h(E) + O(log(N E )) (cf. MM]).
It follows (cf. Fr2]) Proposition 4.0.24. The ABC-conjecture over Q is equivalent (with explicitely related constants) with the degree conjecture 3.5.17 for semi-stable elliptic curves over Q with rational points of order 2 applied to the curve X 0 (N E ).
Proof. The genus of X 0 (N E ) is bounded by O(N E ) and the set of places in which X 0 (N E ) has bad reduction consists of the divisors of N E . So to get the proposition we only have to put together the relation between the height of the semi-stable elliptic curves E A;B (for A; B relatively prime integers) and max(A; B; A?B) with the result on the degree of the corresponding modular parametrization and use that (since E is semi-stable) E occurs with multiplicity one as isogeny factor of J 0 (N E ).
Remark 4.0.25. Without any conjecture the reasoning in the above proposition and results of Faltings prove the existence of a bound for A in terms of the radical (i.e. the product of primes dividing) AB (A ? B) ). This bound is exponential, and by deep methods of transcendental number theory and related diophantine geometry it is possible to prove the existence of such bounds of the same type but considerably sharper. So we do not go into the details here.
Outlook: Relations with Fundamental Groups
Moduli Spaces and Hurwitz Spaces
For some of the conjectures stated in the previous sections it is obvious that they are closely related to the (non-)existence of rational points on moduli schemes for elliptic curves with level structure. So the study of modular curves and their Jacobians is the crucial tool to get the results and to motivate the conjectures of the last section. A little more subtle is the relation of Conjecture 3.5.17 with moduli spaces. This conjecture deals with curves C of genus g with Jacobians isogenous to B E.
We are looking for bounds for the degree of (regular minimal) covers : C ! E under the restriction that E occurs with multiplicity one in J C .
The data (C; ; E; deg( ) = n) for xed g and n de ne an additional structure on curves of genus g lying in a subscheme H of the moduli scheme of curves of genus g.
Our diophantine problem is to look for rational points on this subscheme. We claim that over \small" elds (e.g. with divisor theory of nite type satisfying F) and for large n these points lie in even more special sets in which in addition an isogeny from E E to J C is required.
A rst step to use this point of view is to describe H explicitly. For this K can be any eld of characteristic prime to n. The Riemann-Hurwitz genus formula implies that the rami cation of C over E and hence over the projective line is restricted (for xed genus of C and all n) and so the same is true for the Galois closure of these covers. This leads us directly to Hurwitz Spaces (cf. FV] ).
In the sequel we shall discuss one special case. Theorem 5.2.1. (Kani) For natural numbers n 3 the moduli scheme for tuples (E; E 1 ; ; ) with : E 0 n] ! E 1 n] and xed determinant of exists over Z 1=n] and is an open part (the \non-cuspidal part") of the diagonal surface Z (n) := X(n) X(n)=Sl(2; Z) where X(n) is the modular curve of level-n-structures of elliptic curves and the quotient is taken with respect to the diagonal action of Sl(2; Z) with given determinant .
Curves of Genus
For n 13 this surface is of general type.
Kani and (in the same spirit but slightly di erently) Darmon (cf. Ka] and Da1]) conjecture Conjecture 5.2.2. For nitely generated elds K there is a number M(K) such that for primes p M(K) all K?rational points of Z (p) are either cusp points or correspond to tuples (E; E 1 ; ; ) with isogenous elliptic curves E and E 1 .
If we x E we get a one-dimensional subscheme of Z (p), so it is obvious that get Conjecture 3.6.13 from conjecture 5.2.2.
The motivation for this conjecture is that because of a conjecture of Lang K?rational points on surfaces of general type should up to nitely many exceptions lie on curves of genus 1. So it becomes important to determine such curves on Z (p).
Kani conjectures that they should be only the \obvious ones" related with Hecke correspondences of low degree if p is large enough (Kani proposes p = 23).
Interpretation as Hurwitz Space
We look at the same situation:
: C ! E with degree( ) = n odd.
Let ! be the hyperelliptic involution of C. ! acts as ?id on E and hence we get a cover 0 : C ! = P 1 ! P 1 of degree n. It is an easy exercise to verify 1.) In general 0 is rami ed in exactly 5 points P 1 ; ; P 5 of P 1 with rami cation orders of extensions dividing 2.
2.)LetC 0 be the Galois closure of 0 . The rami cation points P 1 ; ; P 5 can be arranged in such a way that the rami cation cycle 5 of P 5 in the Galois group ofC 0 =P 1 is a transposition, the rami cation cycle 4 of P 4 is a product of (n?3)=2 and those of P 1 ; ; P 3 are products of (n?1)=2 transpositions.
3.) The Galois group ofC 0 =P 1 is equal to S n .
By results of Fried and V olklein (cf. FV]) there exists a scheme H n de ned obver Z 1=n!] which is a ne moduli scheme for covers of P 1 with rami cation type (P 1 ; ; P 5 ; 1 ; 5 ; S n ) with denoting the conjugacy class and the notations and properties as above.
Hence:
the surface Z ?1 (n) Z 1=n!] contains an open subscheme isomorphic to H n . It is possible and interesting to interprete the boundary Z ?1 (n) n H n in terms of degeneration of covers. One can hope to get results concerning our conjectures by proving diophantine properties for covers of curves with restricted rami cation. This leads to the study of fundamental groups.
Fix fP 1 ; ; P 5 g and choose an absolutely irreducible curve C 0 of genus 2 which is rami ed of order 2 over P 1 in these points and in one additional point.
Let C 1 be one of the covers of P 1 belonging to a point on Z ?1 (n)(K) with ramication points fP 1 ; ; P 5 g. LetC 1 be the Galois closure of this cover.
Then
C 0 1 :=C 1 P 1 C 0 =C 0 is an unrami ed Galois cover with Galois group S n . Since C 0 is an extension of degree 2 which is rami ed at a place in whichC 1 is unrami ed the eld of constants of the function eld of C 0 1 is the same as the eld of constants ofC 1 (which is equal to K) and so C 0 1 is absolutely irreducible. Hence our conjectures are related to unrami ed regular Galois covers of curves of genus 2 de ned over K and we can translate the question of Mazur into a question about the (non-)existence of such covers.
In FKV] precise de nitions for K?rational fundamental groups of curves are made. It turns out that the K?rational fundamental group of elliptic curves E over nitely generated elds is uniformly bounded (as function of K). For example assume that char(K)= 0. Let K 0 be the algebraic closure of Q in K and choose a transcendence base (T ) of K over K 0 such that K : K 0 (T )] =: d 1 is minimal. There are specialisations of K to extensions elds K 1 of K 0 of degree d := d 1 K 0 : Q] such that E specializes to an elliptic curve E 1 over K 1 . The theorem of Merel-Parent gives a bound for the order of torsion points in E 1 (K 1 ) depending on d and so we get a bound for the order of torsion points on E rational over K. More generally the maximal abelian quotient of K?rational fundamental groups of curves is nite for arbitrary curves. But there are many examples of curves of genus 3 which have in nite fundamental groups over any eld which contains fourth roots of unity and some very special examples of curves of genus 2 where the same fact holds. For more general curves of genus 2 and especially for the curves with elliptic di erentials and large degree over the projective line the situation is still open.
